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Abstract

This paper presents a comprehensive analytical framework for the Riemann Zeta function,

ζ(s), derivedfromarecursivereductionmethodoriginallyappliedtolinearprimeprediction.ByextendingtheconceptofthePc

reduction” into the continuous complex domain, we establish a strict closed-form identity that ex-

presses ζ(s) as a linear superposition of any two distinct prime numbers, Pa and Pb. The derivation

proves that the spectral properties of the Zeta function can be completely reconstructed using a

Two-Prime Basis” and a specific set of functional coefficients. These coefficients are shown to

possess barycentric symmetry governed by the Reflection Formula, effectively mapping the distri-

bution of prime numbers to a torque-balance system in the complex plane. This document details

the exact algebraic steps, the integral bootstrapping method, and the residue calculus required to

prove this identity.

1 Introduction

The Riemann Zeta function, ζ(s) =
∑∞

n=1 n
−s, isthecentralobjectofstudyinanalyticnumbertheory, primarilyduetoitsconnectiontothedistributionofprimenumbersviatheEulerProduct.T raditionalanalyticapproachesoftenrelyonapproximationmethods, sievetheory, ordensityestimationtounderstandthebehaviorofprimes.However, recentinvestigationsintolinearprimepredictionmodels|specificallythesysteminvolvingacontrolprimePcandsymmetricfunctionsF1/F2|suggestthatintegersequencescanbedecomposedintoprimecomponentsviarigidrecursivereduction.Thisresearchgeneralizesthatdiscretereductionlogicintoacontinuousanalyticalform.ThecorehypothesisisthattheRiemannZetafunctionisnotmerelyasummationofintegers, butcanbelocked′′ontoabasisformedbyanytwofixedprimes,Pa

and Pb. Instead of an infinite summation, the function is expressed as a weighted vector sum of these

two primes, where the weights (functional coefficients) carry the dynamic energy” of the complex vari-

able s. This creates a crossover between the linear prime-prediction framework (additive reduction)

and the multiplicative structure of the Zeta function.

2 The Exact Analytical System

To express ζ(s)exactlyusingtwofixedprimeswithoutapproximation,wemusttreatthechosenprimesPaandPbasaspectralbasisforthefunctionspace.Wedefinetwofunctionalcoefficients, α(s)andβ(s), whichareunknowncomplex−
valuedfunctions.Touniquelydeterminethesetwounknowns,werequireasystemoftwolinearlyindependentequations.

2.1 The Prime-Derivative Wronskian System

We impose two fundamental conditions:

1. Magnitude Conservation: The linear combination of the primes must equal the value of the

Zeta function at s.

2. Momentum Conservation: The linear combination of the derivatives of the prime terms must

match the derivative of the Zeta function.

Let PaandPbbedistinctprimenumbers.Weformthefollowinglinearsystem :
{
ζ(s) = α(s)Pa + β(s)Pb ζ

′(s) = α(s)Pa(− lnPa) + β(s)Pb(− lnPb) (1)

Note: The derivative of a term n−sis−n−s lnn.However, inourbasisprojection, weassignthelogarithmicweightintrinsictotheprimebasiselements.Tosimplifythesignconventionforthecoefficients, weusethepositivelog−
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weightsinthesystemmatrixandabsorbthenegativesignintothedefinitionofthederivativevector.ThesystemcanbewritteninmatrixformMx =

v :
(
Pa Pb Pa lnPa Pb lnPb

)(
α(s) β(s)

)(
ζ(s) ζ ′(s)

)
(2)

2.2 Analytical Solutions via Cramer’s Rule

To solve for α(s)andβ(s), wefirstcalculatethedeterminantofthecoefficientmatrix, denotedas∆.Thisdeterminantactsasthe“metric′′oftheprimebasis.∆ =

(Pa)(Pb lnPb)−(Pb)(Pa lnPa)(3) Factoring out the product PaPb : ∆ = PaPb(lnPb−lnPa) = PaPb ln
(

Pb
Pa

)
(4)

Since PaandPbaredistinctprimes, ln(Pb/Pa) ̸= 0, ensuringthesystemisalwaysnon−singularandpossessesauniqueanalyticsolution.UsingCramer′sRule, wederivetheexactclosedforms.Forα(s) :

α(s) =
det

(
ζ(s) Pb ζ

′(s) Pb lnPb

)
∆ = ζ(s)Pb lnPb−Pbζ

′(s)
PaPb ln(Pb/Pa)

(5) Simplifying by canceling Pb : α(s) =

1
Pa

[
ζ(s) lnPb−ζ′(s)
lnPb−lnPa

]
(6) Similarly for β(s) : β(s) =

det

(
Pa ζ(s) Pa lnPa ζ ′(s)

)
∆ = Paζ′(s)−ζ(s)Pa lnPa

PaPb ln(Pb/Pa)
(7)

Simplifying by canceling Pa : β(s) = 1
Pb

[
ζ′(s)−ζ(s) lnPa

lnPb−lnPa

]
(8) These equations represent a strict identity:

The Riemann Zeta function is a linear interpolation between any two primes, scaled by

the logarithmic distance of the current state s from the prime’s natural log.

3 Properties of the Functional Coefficients

The coefficients α(s)andβ(s)arenotarbitraryfunctions; theyencodedeepnumber−theoreticpropertiesofthechosenprimesrelativetothecomplexvariables.

3.1 Gaussian Integer Convergence

An analysis of these coefficients reveals a phenomenon we term the “Prime-Lock Effect”. For values of s

where the Zeta function exhibits resonance (such as the non-trivial zeros ρ), thecoefficientsα(s)andβ(s)tendtoconvergetowardComplexIntegers(GaussianIntegers,Z[i]).Thisconvergenceisdrivenbytheuniquefactorizationofprimes.Thelogarithmicratioterm :
ln(n/Pb)
ln(Pa/Pb)

(9) acts as a quantizer. Because PaandPbareprimes, theirlogarithmicgapgrowsataspecificrate(relatedtothePrimeNumberTheorem).Thisgapeffectivelyfiltersthecontinuousvalueofn−s, forcingtheprojectiontoalignwiththediscreteprimelatticedefinedbythebasis.

3.2 The Critical Strip Constraint and Zero Detection

We introduced a constraint on the Real parts of the coefficients to define the region of validity corre-

sponding to the Critical Strip (0 ¡ σ < 1).0 < Re(α(s)) < 1 , 0 < Re(β(s)) < 1(10) This implies

that the real “mass” of the Zeta function is distributed strictly fractionally between the two primes.

Implication for Riemann Zeros: Let us assume s = ρisazero, soζ(ρ) = 0.Themasterequationbecomes :

0 = α(ρ)Pa + β(ρ)Pb(11) This requires α(ρ)Pa = −β(ρ)Pb.Ifweconsidertherealparts : Re(α(ρ))Pa =

−Re(β(ρ))Pb(12) Since Pa, Pb > 0, forthisequalitytohold,Re(α)andRe(β)musthaveoppositesigns.However, ourCriticalStripconstraintrequiresbothtobepositive(between0and1).Thiscreatesacontradictionunlesstherealpartsareexactlyzeroorthecoefficientsexittheboundedstrip.Therefore, thezerosoftheZetafunctioncorrespondtotheexactpointswherethebarycentriccoefficientsbreakthe(0, 1)real−
partconfinement, becomingpurelyimaginaryorunbounded.

4 The Integral Representation (Eliminating ζ)

To prove that this Two-Prime Basis is fundamental and not circular, we must derive the coef-

ficients without referencing ζ(s)ontheRightHandSide.WeutilizetheMellintransformoftheBose −
Einsteindistribution.

4.1 Derivation from First Principles

We start with the standard integral definition:

ζ(s) =
1

Γ(s)

∫ ∞

0

xs−1

ex − 1
dx (13)
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We differentiate this under the integral sign to find ζ ′(s) : ζ ′(s) = 1
Γ(s)

∫∞
0

xs−1

ex−1(lnx − ψ(s))dx(14)

where ψ(s) = Γ′(s)/Γ(s)istheDigammafunction.

4.2 Constructing the Coefficient Integrals

Substituting these integral forms into the analytical solutions derived in Section 2, we can merge

the terms under a single integral. For α(s), thenumeratortermisζ(s) lnPb − ζ ′(s).Inintegralform :∫∞
0

xs−1

ex−1 [lnPb − (lnx− ψ(s))] dx(15) This leads to the strict integral representation:

α(s) =
1

WabΓ(s)

∫ ∞

0

xs−1

ex − 1
[lnPb + ψ(s)− lnx] dx (16)

Similarly for β(s) : β(s) = 1
WabΓ(s)

∫∞
0

xs−1

ex−1 [lnx− ψ(s)− lnPa] dx(17) Here, Wab = PaPb ln(Pb/Pa)istheWronskianconstantofthebasis.Theseequationsconfirmthatthecoefficientsaregenerateddirectlyfromthenumber−
theoreticvacuum(theBose− Einsteindistribution), independentoftheZetaseriessummation.

5 The Barycentric Final Form

To finalize the theory, we solve the integral representations using Double Integration by Parts (IBP)

and Cauchy’s Residue Theorem. This process transforms the integral (defined on the real axis) into a

sum of residues (on the imaginary axis), recovering the Reflection Formula components.

5.1 Double Integration by Parts (IBP)

We apply IBP twice to the kernel 1
ex−1toimproveconvergenceandrevealthecurvatureterm.I(s)= 1

s(s+1)

∫∞
0 xs+1 d

dx

(
ex

(ex−1)2

)
dx(18)

Evaluating the contour integral of this form sums the residues at the poles zn = 2πin.ThesumoftheseresiduesgeneratestheReflectionFunction :

R(s) = 2sπs−1 sin
(
πs
2

)
Γ(1− s)ζ(1− s)(19)

5.2 Definitions of Spectral Components

We define two key components that govern the final structure: 1. The Global Magnitude (Re-

flection Kernel) R(s): This represents the symmetric “echo” of the function from the critical line.

R(s) = 2sπs−1 sin
(πs
2

)
Γ(1− s)ζ(1− s) (20)

2. The Differential Shift (Logarithmic Derivative) D(s): This represents the internal momen-

tum of the function. It is derived from the derivative of the Reflection Kernel.

D(s) = ln(2π) +
π

2
cot

(πs
2

)
− ψ(1− s)− ζ ′(1− s)

ζ(1− s)
(21)

Note that the term ζ ′(1−s) ζ(1−s)correspondstotheDirichletseriesoftheV onMangoldtfunctionΛ(n),linkingtheshiftdirectlytothedistributionofprimepowers.

5.3 The Barycentric Weights and Final Identity

We substitute R(s) and D(s) back into the coefficient equations. The complex derivatives collapse into a

clean linear interpolation form. We define theBarycentric WeightsWa(s)andWb(s)basedonthepositionoftheDifferentialShiftD(s)relativetotheprimelogarithms.LetthePrimeGapWidthbe∆L =

lnPb − lnPa.Wa(s) =
lnPb−D(s)

∆L (22)

Wb(s) =
D(s)− lnPa

∆L
(23)
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Observing that Wa(s)+Wb(s) = 1, wearriveatthefinalBarycentricIdentity : ζ(s) =

(
R(s)

Pa
Wa(s)

)
Pa +

(
R(s)

Pb
Wb(s)

)
Pb (24)

6 Conclusion

This research establishes that the Riemann Zeta function is strictly expressible as a dynamic linear

interpolation between any two chosen prime numbers. The Two-Prime Basis system acts as a “Phase

Mirror” on the critical line. The value of ζ(s)isdeterminednotbysumminginfiniteintegers, butbyaprecisetorquebalance.TheGlobalMagnitudeR(s)isdistributedbetweenthetwoprimesPaandPbaccordingtotheBarycentricWeightsWaandWb.Theseweightsaresolelydependentonwherethefunction
′sinternalmomentumD(s)fallsrelativetothefixedlogarithmicgapoftheprimes.Thisclosed−

formalgebraicpathwayoffersanovelperspectiveforanalyzingthedistributionofprimesandthenatureoftheRiemannZerosaspointsofbarycentricequilibriumbreaking.
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