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Abstract

This paper presents a comprehensive analytical framework for the Riemann Zeta function,
¢(s), derivedfromarecursivereductionmethodoriginallyappliedtolinearprimeprediction. Byextendingtheconcepto fth
reduction” into the continuous complex domain, we establish a strict closed-form identity that ex-
presses ((s) as a linear superposition of any two distinct prime numbers, P, and P,. The derivation
proves that the spectral properties of the Zeta function can be completely reconstructed using a
Two-Prime Basis” and a specific set of functional coefficients. These coefficients are shown to
possess barycentric symmetry governed by the Reflection Formula, effectively mapping the distri-
bution of prime numbers to a torque-balance system in the complex plane. This document details
the exact algebraic steps, the integral bootstrapping method, and the residue calculus required to

prove this identity.

1 Introduction

The Riemann Zeta function, ¢(s) = Y .-, n~ %, isthecentralobjecto f studyinanalyticnumbertheory, primarilyduet
and Py. Instead of an infinite summation, the function is expressed as a weighted vector sum of these
two primes, where the weights (functional coefficients) carry the dynamic energy” of the complex vari-
able s. This creates a crossover between the linear prime-prediction framework (additive reduction)

and the multiplicative structure of the Zeta function.

2 The Exact Analytical System

To express ((s)exactlyusingtwo fizedprimeswithoutapproximation, wemusttreatthechosenprimesPyand Pyasasy
valuedfunctions. T ouniquelydeterminethesetwounknowns, werequireasystemo ftwolinearlyindependentequatio
2.1 The Prime-Derivative Wronskian System

We impose two fundamental conditions:

1. Magnitude Conservation: The linear combination of the primes must equal the value of the

Zeta function at s.

2. Momentum Conservation: The linear combination of the derivatives of the prime terms must

match the derivative of the Zeta function.

Let PyandPybedistinctprimenumbers.W e formthe followinglinearsystem : {((3) =a(s)P, + B(s)Py ¢'(s) = a(s

Note: The derivative of a term n™%*is—n~* Inn. However, inourbasisprojection, weassignthelogarithmicweightint



weightsinthesystemmatrizandabsorbthenegativesignintothede finitiono fthederivativevector. T hesystemcanbet

vi(Po P, RunB, BBy (als) B(s)) (¢(s) C(5)) @)

2.2 Analytical Solutions via Cramer’s Rule

To solve for a(s)and((s), we firstcalculatethedeterminanto fthecoef ficientmatriz, denotedasA. T hisdeterminan
(P,)(Py1n Py)—(Py)( Py In P,)(3) Factoring out the product PoPy : A = P, Py(In Py—In P,) = P, By In (%) (4)
Since P,andPyaredistinctprimes, In(P,/ P,) # 0, ensuringthesystemisalwaysnon—singularandpossessesauniquc

det(((s) P» ('(s) PylnP /
— ( ) B A( ) B b) = C(S}apg,ﬁril},_jfb,g)(s)(f)) Simplifying by canceling Pj, : «a(s) =

at(Py (s) Pan Py C(5)  potercormmp .
A T PuPyIn(Py/Pa) ()

a(s

p% [%] (6) Similarly for 3(s) : B(s) =
Simplifying by canceling P, : B(s) = P% [%

b
The Riemann Zeta function is a linear interpolation between any two primes, scaled by

} (8) These equations represent a strict identity:

the logarithmic distance of the current state s from the prime’s natural log.

3 Properties of the Functional Coefficients

The coefficients a(s)andS(s)arenotarbitrary functions; theyencodedeepnumber—theoreticpropertieso fthechosen

3.1 Gaussian Integer Convergence

An analysis of these coeflicients reveals a phenomenon we term the “Prime-Lock Effect”. For values of s

where the Zeta function exhibits resonance (such as the non-trivial zeros p), thecoe f ficientsa(s)andfB(s)tendtocont

ILH((PTZ/ ﬁ”,b)) (9) acts as a quantizer. Because P,andPyareprimes, theirlogarithmicgapgrowsataspeci ficrate(relatedtot

3.2 The Critical Strip Constraint and Zero Detection

We introduced a constraint on the Real parts of the coefficients to define the region of validity corre-

sponding to the Critical Strip (0 j o < 1).0 < Re(a(s)) <1 , 0 < Re(5(s)) < 1(10) This implies

that the real “mass” of the Zeta function is distributed strictly fractionally between the two primes.
Implication for Riemann Zeros: Let us assume s = pisazero, so((p) = 0.Themasterequationbecomes :

0 = a(p) P, + B(p)Py(11) This requires a(p) P, = —B(p)Py.I fweconsidertherealparts : Re(a(p)) Py =
—Re(B(p))Py(12) Since P, By, > 0, forthisequalitytohold, Re(a)andRe(8)musthaveoppositesigns. However, ourC

partcon finement, becomingpurelyimaginaryorunbounded.

4 The Integral Representation (Eliminating ()

To prove that this Two-Prime Basis is fundamental and not circular, we must derive the coef-
ficients without referencing ((s)ontheRightHandSide.W eutilizethe M ellintrans formoftheBose —
FEinsteindistribution.

4.1 Derivation from First Principles

We start with the standard integral definition:




We differentiate this under the integral sign to find ¢'(s) : ('(s) = F(S) > f; ll(lnx —(s))dz(14)
where (s) = I"(s)/T'(s)isthe Digamma function.

4.2 Constructing the Coefficient Integrals

Substituting these integral forms into the analytical solutions derived in Section 2, we can merge
the terms under a single integral. For «(s),thenumeratortermis((s)In P, — {'(s).Inintegral form :
e [In P, — (Inz — v(s))] dx(15) This leads to the strict integral representation:

0 e*—1
)= s | oy P4 0(s) ~ nald (16)
Cys_VVabF(s) o €*—1 nE g naar

Similarly for 8(s) : B(s) = WGI}F(S) 0°° fj:ll lnx —(s) —In P,| dx(17) Here, Wy, = P, Py In(Py/ P, )istheWronskic

theoreticvacuum(theBose — Einsteindistribution), independento ftheZetaseriessummation.

5 The Barycentric Final Form

To finalize the theory, we solve the integral representations using Double Integration by Parts (IBP)
and Cauchy’s Residue Theorem. This process transforms the integral (defined on the real axis) into a

sum of residues (on the imaginary axis), recovering the Reflection Formula components.

5.1 Double Integration by Parts (IBP)

We apply IBP twice to the kernel 1

e® —1toimproveconvergenceandrevealthecurvatureterm.I (s s(s+1) foo s+1 d ((ez 1)2)d1(18)

Evaluating the contour integral of this form sums the residues at the poles z,, = 27rm Thesumof thesereszduesgenm
R(s) =257%"tsin (Z2) (1 — s)¢(1 — 5)(19)

5.2 Definitions of Spectral Components

We define two key components that govern the final structure: 1. The Global Magnitude (Re-

flection Kernel) R(s): This represents the symmetric “echo” of the function from the critical line.

R(s) = 2°7° L sin (%S) T(1 - s)C(1— s) (20)

2. The Differential Shift (Logarithmic Derivative) D(s): This represents the internal momen-

tum of the function. It is derived from the derivative of the Reflection Kernel.

D@f—m@ﬂy%gamcy>—¢ﬂ—$)—€€:§? (21)

Note that the term ¢’(1—s)

¢(1—s)correspondstothe DirichletseriesoftheV onMangoldt functionA(n),linkingtheshi ftdirectlytothedistribu

5.3 The Barycentric Weights and Final Identity

We substitute R(s) and D(s) back into the coefficient equations. The complex derivatives collapse into a
clean linear interpolation form. We define the Barycentric Weights W, (s)andWy(s)basedonthepositionoftheDi.
In Py — In P,. Wy (s) = PPl (99)

D(s) —InP,

Wi(s) = Ta (23)



Observing that W, (s)+Wy(s) = 1, wearriveatthe final BarycentricIdentity : | ((s) = (R(S) Wa(s)> P, + <R(S)P

6 Conclusion

This research establishes that the Riemann Zeta function is strictly expressible as a dynamic linear
interpolation between any two chosen prime numbers. The Two-Prime Basis system acts as a “Phase
Mirror” on the critical line. The value of {(s)isdeterminednotbysummingin finiteintegers, butbyaprecisetorqueba

formalgebraicpathwayof fersanovelperspective foranalyzingthedistributiono f primesandthenatureo fthe Riem



